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Abstract 

. , It was recently shown by Witten on the basis of several examples that the topological 

(D I S-model whose target space is a Calabi-Yau (CY) supermanifold is equivalent to holo- 



morphic Chern-Simons (hCS) theory on the same supermanifold. Moreover, for the super- 
twistor space CP'^'^ as target space, it has been demonstrated that hCS theory on <CP^'^ is 
equivalent to self-dual Af = 4 super Yang-Mills (SYM) theory in four dimensions. We con- 
sider as target spaces for the S-model the weighted projective spaces VFCP'^I^(1, 1, 1, l|p, q) 
with two fermionic coordinates of weight p and q, respectively - which are CY superman- 
ifolds ior p + q = 4 - and discuss hCS theory on them. By using twistor techniques, 
we obtain certain field theories in four dimensions which are equivalent to hCS theory. 
These theories turn out to be self-dual truncations of A/" = 4 SYM theory or of its twisted 
(topological) version. 



June, 2004 



On leave from Laboratory of Theoretical Phyiscs, JINR, Dubna, Russia. 



1. Introduction and results 

Recently, Witten has shown [|l|] that there is a one-to-one correspondence between 
the moduli spaces of holomorphic Chern-Simons (hCS) theory on the Calabi-Yau (CY) 
supermanifold (DP"^'"* \CP^I^ and of self-dual A/" = 4 super Yang-Mills (SYM) theory on 

IR with a metric of signature (-1- -|- -(- 4-) or (+ H ). It was also shown that hCS theory 

on CP"^'^ is related with the S-type open topological string (the S-model) having (DP'^'^ 
as target space (for related works see 0-0). Therefore, string theory considerations can 
help to clarify properties of quantum A/" = 4 SYM theory (see e.g. [0 - |lT3[]).El 

Recall that the fermionic coordinates ?7i (z = 1, . . . ,4) of the supermanifold <CP^'^ = 
VFCP'^I^(1, 1,1,1|1, 1,1,1) take values in the holomorphic line bundle 0{1). As the product 
11^=1 ^Vi takes values in 0{—4) and the holomorphic measure on CP'^ is 0{4) valued, 
the full holomorphic measure on (DP^'^ is globally defined and nowhere vanishing. Thus, 
the supertwistor space <CP^'^ is a CY supermanifold 0]. In this note, we will focus on 
the weighted projective spaces VFCP^I^(1, 1, 1, l|p, q) with (p, q) equal to (1, 3), (2, 2) and 
(4,0). Since p -|- g = 4 for these spaces, they are CY supermanifolds due to the above 
reasoning. We describe hCS theory on open subsets of these weighted projective spaces 
and derive (equivalent) field theories on IR from it. We show that these models are related 
with different self-dual truncations of either J\f — 4 SYM theory or its twisted (topological) 
version. 



2. Twistor geometry 

Local coordinates. Our starting point is the complex projective space CP"^ (twistor 
space) with homogeneous coordinates (cu", Aa). These coordinates are subject to the equiv- 
alence relation (c<;", Aa) ~ (tcu", tX^) with t G C*. Here and in the following, a, /3, . . . = 1, 2 
and a, /3, . . . = 1,2 are spinor indices. Consider now the space V^ = <CP^ \ CP^ in which 
the Aq are not simultaneously zero. This space can be covered by two coordinate patches, 
say U+ (A| 7^ 0) and U- (A2 7^ 0), with coordinates 
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On the intersection U+ fl U- , they are related by 

< = X+z'l and A+ = Al^ . (2.2) 



For properties of gravity amplitudes see e.g. [14|. 



It follows from (|2.1| ) and ( |2.2|) that V^ coincides with the total space of the rank 2 holo- 
morphic vector bundleH C ®0{1) over the Riemann sphere CP^. We denote the covering 
of the latter by U± = U± fl CP^ with coordinates \± on U±. 

Real structure. As we are eventually interested in real fields, we need to introduce 
a real structure on V^ . This can be done by defining the anti-linear transformations 



-:) « (-f ) and (^i) « (^^ 



2 1-, _ , I and ;' " > M (2-3) 



which induce an antiholomorphic involution (real structure) roivV^. On the coordinates 
(pTT|), it acts as follows: 

r(4,4,4) = (±||,t||,-^) . (2.4) 

It is not difficult to see that r has no fixed points in V^ but does leave invariant projective 
lines (DP^ joining the points p and r(p) for any p G V^ . For two other possible real 
structures on V^ , see e.g. [^ . 



Real rational curves. Holomorphic sections of the vector bundle V^ -^ CP^ are 
rational degree one curves CP^ "-^ V^ defined by the equations 



zl = x""\t for (A+) = (/ ) and At = A;U+ with A± G t/± 



(2.5) 



and parametrized by the moduli (x"") G (D . Thus, the complexified spacetime C can be 
identified with the moduli space of holomorphic sections of the bundle V^ -^ (DP^ . 
The action of the map r on the a;"" is given by 

„li „12\ / ;^22 _;^2i\ 

21 22 = -12 -n . (2-6) 

where the overbar denotes complex conjugation. The real subspace IR of C invariant 
under r is defined by the equations 

22 -li 1-2 1 2i -12 3-4 /o '7^ 

X = X =: X — IX and x = — x =: x — ix (2.7) 

and parametrized by the real coordinates x = (x^) G IR with n = 1, ... ,4. The action 
of r on arbitrary functions f{x,X±,X±) is then immediate. Hence, one may impose the 



Recall that the holomorphic line bundle 0{m) over CP^ is defined by the transition function 



condition of invariance under r on sections of the form ( |2.5| ) and realize that they are real 
if the conditions (|2.7|) hold true. 

Metric and signature. On the space IR of r-real holomorphic curves ^P^ ^^ P^, 
one can introduce the metric 

ds^ = det(dx"") = ^^^dx'^dx^ , (2.8) 



which is Euclidean, {gfj,u) = diag(+l, +1, +1, +1), due to (P?7|). Other real structures on 

V^ produce a metric of signature (+ H ) on IR^ (see e.g. [P!3|). 

Note that topologically, V^ is the direct product 

Ir4 X €P^ ^ V^ (2.9) 

with coordinates (x^,A±). Therefore, on the patches U± covering V^ one can use either 
the complex coordinates ( p.l|) or coordinates (x^, X±). In fact, the formulas (|2.5|) together 
with their complex conjugates define a diffeomorphism of IR x CP^ onto V^. Its inverse 
is given by 

ii z\_ + z^zl z^z^ -Vz^ -,A z\ — z\_z\ z'^z^ —z} 

a;ll = —L + + = ~ ~ — X = - = ~ ~ — (2 10) 

l + z^zl 1 + z^z^ ' l + z^zl 1 + z^z^ ^ \ • J 

together with X± = z^ and ( |2.7| ) for x^^ and x^^. 

Vector fields. On the complex manifold V^, we have a natural basis {d/dz'^, d/dz"^) 
for antiholomorphic vector fields. These are sections of the bundled^ 0{—l) and (9(— 2), 
respectively. Using the formulas ( p.lO|) , we can express them in terms of the coordinates 
(x"",A±) according to 
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4^20 =: -7±^2^ , % = 7±A^ai« =: 7±y± 



(2.11) 



with e^2 = 1 and 7± = (1 + A±A±)"^ . (2.12) 

SJ,. Thus, the vector fields 

V^ = Xid^^ and V3± = d-^^ (2.13) 

form a basis of vector fields of type (0, 1) on U± C V^ in the coordinates (x"", X±). For 
more details on the geometry of the twistor space V^, see e.g. [|TB[ and references therein. 



Here, 0{m) denotes the bundle which is complex conjugate to 0{m). 



3. Holomorphic Chern-Simons theory on VF(DP^I^(1, 1, 1, l|p, q) 

Weighted projective space W^'^{p^q). Let us consider the weighted projec- 
tive space VF^I^(p, q) = VFCP'^I^(1, 1, 1, l|p, g) with four homogeneous bosonic coordinates 
(a;", Aq) of weight one and two fermionic coordinates {pi) = {pi, P2) of weight p and 
q, respectively. Here, (u'^.X^) are the homogeneous coordinates on (CP^. Together, 
the coordinates (ci;",Aa,Pi) are subject to the equivalence relation (w", Aq, pi, P2) ~ 
(tcu", tAa, t^pi, t^p2) for all t G C*. We assume that the sum of fermionic weights is equal 
to the sum of bosonic weights, i.e. p + q = 4. In this case, W^''^{p^ q) is a CY supermanifold 
and one may consider the topological S-model of VF"^'^(p, q) [Q. The same arguments as 
given in |^] then yield hCS theory on this space. 

Action of hCS theory. Let £^ be a trivial rank n complex vector bundle over 
W^''^{p, q) and A a connection one- form on £. Consider a subspace y of W^^'^{p, q) which 
is parametrized by the holomorphic and antiholomorphic bosonic coordinates as well as 
the holomorphic fermionic coordinates.Q The action of hCS theory then reads as []T[ 

^hcs = [ nAtrfA'''^ AdA''^^ + -A'^'^ AA^'^ AA'^A , (3.1) 

where O is a nowhere vanishing holomorphic volume form and A^'^ denotes the (0, 1)- 
component of A. It is assumed that A^'^ contains no antiholomorphic fermionic compo- 
nents and depends only on pi as well as on (w", Aq) and (w", Aq). The action ( pTp leads 
to the field equations 

BA^'^+A^'^ AA^'^ = . (3.2) 

Note that for constructing solutions to these equations, one can use a generalization of the 
Riemann-Hilbert problem based on the equivalence of the Cech and Dolbeault descriptions 
of holomorphic bundles ||T^ . 

Local coordinates. Consider now an open subset of W^^'^{p^q) defined as 
WV^\^{p, q) = W(CP^\^{1, 1, 1, l\p, q)\W(CP^\^{l, l\p, q). It can be covered by two patches, 
which we denote by U±. Since the body of the CY supermanifold >VP'^l^(p, g) is the twistor 
space V^, we may take the coordinates given in ( |2.1| ) as bosonic coordinates on h{± and as 
fermionic ones 

Pi = Tp^ P2 = Tq on ^+ and p^ = — , p^ = — on W_ , (3.3) 
A. A. A. A. 

which are related by p^ = X^Pi and pj = A^p^ on the intersection W+ nW_. Note that as 
bosonic coordinates on WP^'^d?, g), we can use either (z^^z'j.) or (x"",A-|-) and similarly 



Recall that y is the world- volume of the D-branes which are not quite space-filling 



for the vector fields ( 2.11 ) and ( p.l3|) . The vector fields ( 2.13 ) together with d/dpi form a 
basis of vector fields of type (0, 1) on >VP'^l^(p, q). 

HCS theory on VVP'^'^(p, q). Having given all the ingredients, we may now consider 



hCS theory on "WV^^"^ with p-\- q = A. The equations of motion (|3.2|) on the patches IA± of 
>VP^|2 read 



V;±4 - V^At + [At 4] = ' 



where 



Ai := Vt^A'^' and ^x± := 9a±^^°'' • (3-5) 



Here, "j" denotes the interior product of vector fields with differential forms. As usual in 
the twistor approach, we shall assume that there exists a gauge in which the components 
Ax are zero. This corresponds to the holomorphic triviality on any (DP^ "-* WP"^'^(p, q) 
of the holomorphic vector bundle which is associated to any solution of hCS theory. 

Note that generically, the gauge field A^'^ on WP'^l^(p, g) can be expanded in terms 
of the odd coordinates pi according to 



A"^' = A + p,ij' + pip2G, (3.6) 

Linearizing the equations ( p.2| ) around the trivial solution A*^'^ = 0, we see that dA'^'^ = 
or equivalently dA = 0, dif^^ = and dG = 0. Since A*^'^ is C(0)-valued and pi and p2 take 
values in 0{p) and 0{q), respectively, the fields A, -0^, -0^ and G are (0, l)-forms on V^ 
with values in the bundles C(0), 0{—p), 0{—q) and 0{—4). Therefore, each of these fields 
determines an element of the sheaf cohomology group H^{V^, 0{2s — 2)), where s = 1 for 
A, s = 1 — ^p for i/j^, s = 1 — ^q for i/j"^ and s = — 1 for G. According to the Penrose 



transform [|T8[ , elements of these cohomology groups correspond to solutions of the field 
equations for massless fields of helicity s on the space IR ; the latter being parametrized 
by x"". In the next section, we describe this correspondence beyond linearized level. 



4. Field models on IR^ equivalent to hCS theory on }W^^'^{p,q) 

From now on, we shall work in the patch W_|_ of WP"^'^(p, q) and for notational simplic- 
ity we omit the subscript and the superscript "+" in all expressions except when confusion 
may arise. 

HCS theory on VVP"^'^(1, 3). Let us consider the case p = 1 and Q = 3, where the 
fermionic coordinates pi and p2 take values in the bundles 0{1) and C(3), respectively. 
From ( |2.13| ) and ( |3.5|) one concludes that the components Ai, A2 and A^ of the (0, l)-form 



A'^'^ take values in the bundles C(l), 0{1) and 0(— 2). This fixes the dependence of ^q, 
and Ax on A and A up to gauge transformations. Namely, we obtain 

A^ = A"A,« + pixa + rT^P27'A"Pxa.;3 + ^^PiPst'A-A'^A^G,^^^ , 

/-^^ '■ (4.1) 

A-x = -^p27'A"xa + ^PiP27'A"A^G .^ , 

where 

A" := r(A°) = A^ . (4.2) 

In ( PI) , aU the fields A^d, Xa, Xd, G*^^, x„d/3 ^^^ ^^ad/j-y depend only on (x"") G IR^. 
Substituting ( ^.1| ) into (|3.4|), we get the equations 

Xad/3 = -Va(dX^) and G^^0. = -V^^^G^^^ (4.3) 

showing that Xaap ^^^ G^^n- are composite fields describing no independent degrees of 
freedom. Here, parentheses denote normalized symmetrization with respect to the enclosed 
indices and Vod = daa + [^ad, ■ ]■ The remaining equations are given by 

Jd/j ~ ~2^ [Oaa^pij ~ OppAaa'^ [-AaaT -^pp\) = 0, (4.4a) 

V^dX" = , (4.46) 

VadX" = , (4.4c) 

e^^VaaC^. -{Xa,X7} = 0. (4.4d) 



Due to ( |4.4|) and the Bianchi identities, all other equations following from ( |3.4|) are auto- 
matically satisfied. 

The equations ( [4.4|) are the equations of motion for the action functional 

S = J d^x tr {g"^4^ + x"VaaX"} (4.5) 

which can be obtained from ( p.l| ) by integration over the fermionic coordinates and over 
the sphere CP^. Note that this action has an obvious supersymmetry. The transformation 
laws are given by 

S^Aca = ^dXa and S^G^0 = -e"^'?(dV^^)X/3 , 

_ . (4.6) 

^eXa = and 6^Xa = -^^(G^p + fap) ^ 



where ^d is a constant (anticommuting) spinor. The action ( ^.5| ) describes a truncation of 
the self-dual A/" = 4 SYM model |]l^ for which all the scalars and three of the dotted and 
three of the undotted fermions are put to zero. 
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HCS theory on VVP^'^(2, 2). Now we consider the case p = q = 2, i.e. the fermionic 
coordinates pi take values in the hne bundle 0{2). The equations of motion of hCS theory 
on VVP"^'^(2,2) have the same form (|3.4|) . Again, the functional dependence on A and 
A is fixed up to gauge transformations by the geometry of WP"^'^(2,2). Namely, this 
dependence has the form 

A^ = A-A,^ + ;^p.7A"Cd + t^PiPst'A-A^A^G,^^^ , 

2! 3! (47) 

where again the coefficient fields do only depend on (x"") G IR and A", 7 and A" are 
given in ( |2.12|) and ( [4.2|) , respectively. 

Substituting i\i.7i ) into ( |3.4|) , we obtain the following equations: 



/.I _ V7 J,J 

act 



-Vad<^' and G^^0^ = -V«(aG'^^) . (4.8) 
The remaining nontrivial equations read 

4/3 = 0' (4.9a) 

VadV""(/)* = , (4.96) 

e"^VadG'^^-|e^,{</'^V«^(/>^■} = 0. (4.9c) 

The associated action functional is given by 

S = /"d^xtr |G"^/^^ + |e,,>^V««V""(/>^} , (4.10) 



and can be obtained from ( |3.1j ). Note that formally ( |4.1UD looks as the bosonic truncation 



of the self-dual Af = 4 SYM theory [^, i.e. all the spinors and four of the six scalars of 



self-dual A/" = 4 super SYM theory are put to zero. However, in ( |4.10| ) the parity of the 



scalars (/>* is different, as they are Grafimann odd. To understand their nature, note that in 
the expansions (|4.7| ) we have two GraBmann odd vectors (pl^^ which satisfy the equations 

e"^Vad<^^^ = , (4.11a) 

V""Ca = (4.116) 

following from (|3.4|). Solutions to these equations describe tangent vectors SA^a (with 
assigned odd parity) to the solution space of the self-duality equations ( [4.9a| ) pil| , PT| . 
However, due to the first equation in ( ^78| ) (which solves (|4.11a| ) and reduces ( |4.116| ) to 



( [4.96|) ), the (^^^ are projected to zero in the moduh space of solutions to the equations 
( [4.9a| ). By choosing ^* = 0, we remain with the equations 

/^^ = and V„aG"^ = , (4.12) 



which can be obtained from the Lorentz invariant Siegel action |]T^ 

S = J d'^x tr {G°^/„^} , (4.13) 

describing purely bosonic self-dual Yang-Mills theory. 

HCS theory on VVP^'^(4,0). Finally, we want to discuss the case in which the 
fermionic coordinate pi has weight four and p2 weight zero, i.e. we consider >V'P'^'^(4, 0). 
The field equations of hCS theory on WP^'^(4,0) have the form ( p.4| ), where the vector 
fields V^ and d^_^ are given in ( p.l3| ). Proceeding as in the previous two subsections, we 
obtain the following field expansions: 

3! 3! (4;L4) 

^A = ^Pi7'A"A^x.^ + ^PiP27'A"A^G^^ . 

All the Lie-algebra valued fields appearing in the expansions ( [4.14| ) depend only on {x"") G 
R"*. Note also that A^^d, G^^ and G^^^^ are bosonic while tp^a, x^0 and X^^^^ are 
fermionic fields. 

Substituting {\i.l4\ ) into (|]|) , we obtain 

Xad/J7 = "^«("^/?7) ^"^^ G<.c.Pj = -^c.iaG^-^-{tpc.ia.Xp^)} ■ (4-15) 

The remaining nontrivial equations are 

/a/3 = , (4.16a) 

e"^V«(dV'/3/3) = : (4-16b) 

VadC"^ + {tl;^^, x"^} = , (4.16c) 

VaaX"^ = . (4.16d) 

In this case, the action functional from which these equations arise is 

S = J d'x tr {g'^^U^ + e"^(Vaa^^^)x"'^} ■ (4-17) 

This time, the multiplet contains a spacetime vector il^aa and an anti-self-dual two-form 
X^a which are both Graf^mann odd. Such fields are well known from topological Yang-Mills 
theories [ pO| , pl| . In this respect, the model ( [4.16| ), ( |4.17| ) can be understood as a truncated 
self-dual sector of these theories.l3 



One may also consider more than two fermionic coordinates in order to enlarge the multiplet. 
This may lead to other truncations of topological Yang-Mills theories. 
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Appendix A. Signature (+ H ) 

For the Kleinian space IR ' = (IR , g) with the metric g = diag(+l, +1, — 1, — 1), 
all the calculations and formulas are similar. What should be changed is the following. 
Instead of the reality conditions ( p.7|) , one considers 

x^^ = x^^ =: x^-ix^ and x^^ = x^^ =: x^ + ix^ (A.l) 

which correspond to the involution (real structure) 

f(4,4,4) = fi,i,4l (A.2) 



on the twistor space V^. Furthermore, instead of V^ one should consider the spaceB 
-p3 _ jy^ \^'j'^^ where T^ is the fixed point set under the involution f. In fact, T^ is 
the three-dimensional real manifold IRP^ \ IRP^ fibered over S^ = IRP^ C €P^. All CY 
supermanifolds WP'^'^(]?, g) considered above are now supermanifolds with V^ as body. 
One should also substitute CP^ by the two-sheeted hyperboloid if ^ = (CP^\S^ = H+UH_ 
and use 

(Aj) = h^Y (XZ) = ("i"). 7± = ±(l-A±A±)-i with X±eH± (A.3) 

instead of ■j± and A^ as given in ( p.l2|) and (^]D , respectively. All other formulas, including 
the equations of motion for hCS theory and the field expansions of A^'^ keep their form. 
The resulting field equations on IR ' will only differ by some signs in front of the interaction 
terms. 



For more details see e.g. [22|. 
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